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1. I~VTR~DUCTI~N 
In 1961, Beaumont and Pierce [I] characterized the rank 2 torsion-free 
abelian groups as subdirect sums of a pair of rank 1 factor groups determined 
by a pair of automorphisms of Q/Z. The main objective of this paper is to 
generalize this procedure to groups of arbitrary finite rank. A secondary aim 
is to consider the major problem of the theory of subdirect decompositions, 
first posed by Fuchs [8] in 1952; namely, given groups U < 0, W < Wand 
a pair, A, /l’ of torsion-free groups, each of which is a subdirect sum of 
u and i/tl with the same kernels U and W, when is A E A’ ? The two 
objectives are related by the more basic problem of characterizing the endo- 
morphism ring of an extension of CT by TV in terms of the endomorphism 
rings of U and m. 
The main result of the paper is a systematic recursive construction of finite 
rank torsion-free groups as extensions of groups of smaller rank. The compu- 
tational complexity of the construction makes it unrewarding, for example, 
to classify all rank 3 groups as Beaumont and Pierce classified all rank 2 
groups. Instead, the method is used to construct rigid families of groups with 
specified properties, for example quotient divisibility, local freeness, local 
decomposability, hereditary generation, which have been considered by 
previous researchers [2,3,6, 1 I? 17, 18,21,25]. The existence of such families 
will come as no surprise to anyone who has considered the structure of 
torsion-free groups; it is the construction which I believe may be of interest. 
As for the problem of subdirect decomposition, I show that in many cases of 
interest, not only is A not isomorphic to A’, but in fact there fail to exist any 
nonzero homomorphisms between them. This result generalizes some 
theorems of Fuchs and Loonstra [8, IO]. 
In addition to the references cited above, I must acknotvIedge my debt to 
the authors of [4, 5, 11, 13, 15, 20, 22, 23, 241, whose papers awakened my 
interest in the structure theory of torsion-free abelian groups. 
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2. NOTATION 
All groups referred to are abelian; all notation not specifically mentioned in 
this section is that of [7]. 
Let 4 be a torsion-free group; the tensor product B @IQ of ,4 with the 
rationals can be regarded as a rational vector space in which A is embedded by 
the injection a M a @ 1. A basis for A is a basis for A @ Q contained in A; 
the rank of A, denoted by &(A) is the cardinality of any such basis. All A @ Q 
with finite dimension nz are identified with a single m-dimensional vector 
space denoted by l?,, . U denotes the category of torsion-free groups of finite 
rank and their homomorphisms. 
P denotes the set of primes. If T is a torsion group, the p-component of T 
is denoted by T, ; the p-rank of T, denoted by rk,(T), is the cardinality of a 
maximal independent set in T, . The rank of T, denoted by yk(T) is 
su~Pk,(T& 
PEP 
< denotes subgroup inclusion, @ denotes (external) direct sum, and @* 
denotes direct product. 
Let B be a subgroup of a torsion-free group A. B is fill in A zjc 
rk(B) = rk(A). 
A /zez$.zt is a function h: P+ 2 u {co}. In particular, ~,Jx) denotes the 
height of an element x in a torsion-free group A, as defined in [7]. 
3. EXTENSIONS, SUBDIRECT SUMS AND PULLBACKS 
Let A be a torsion-free group of finite rank m, U a pure subgroup of rank n, 
where n < PZ. Then a/U is a torsion-free group of rank m - n, and U and 
,4/U can be embedded in complementary subspaces X and I! of I?, so that 
there is an exact commutative diagram: 
where the horizontal arrows represent the injections and natural homo- 
morphisms, and the vertical arrows represent the embeddings. Let B 
be a basis for U, and Ca subset of A such that B u C is a basis for A. Let W 
be the pure subgroup of 4 generated by C. By identifying elements of U, A 
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and W with their images in I/, , we can express elements of d as 1w + SW, 
where r and s are rationals, u E U, and w E IV. The elements rzc, SW are unique, 
though of course they are not necessarily in A. 
Now let rr, p be the restrictions to A of the projections of Vnt onto X and I;, 
respectively, and let u = im 71, W = im p. The following statements follow 
immediately from the definitions: 
(1) W, iJ are the kernels of rr and p, respectively, so u g A/W, 
wg A/U, 
(2) c = {W E V, 1 ru + SW E A for some SW, with u E U, w E IV, Y and 
s rational}, 
I7 = (SW E V,, j IU + SW E A for some YU, with u E U, w E IV, Y and s rational), 
(3) 0, IV are subgroups of V., of ranks n, vz - n, respectively, and 
U=BnA,W= wna. 
(4) U/U and W/W are torsion groups. 
In his source paper [8] on subdirect sums, Fuchs showed that under these 
circumstances, A is a subdirect sum of u and FT and that there is a commu- 
tative diagram: 
where 5 and 7 are the natural homomorphisms and a is an isomorphism defined 
by: 
(YU + U), = SW + w whenever TU + SW E A. 
In categorical terminology, the choice of A, U and W determines a 5-tuple 
( U, IV, W/W, 501, y) where U, Ware independent subgroups of VQA of ranks 
IZ, nz - n, respectively, 501 and 7 are epimorphisms of 0, W, respectively, 
onto W/W, and rZ is the pullback of these epimorphisms. 




Let U, W be independent subgroups of V,,, , the sum of 
whose ranks is m. Let T be a torsion group jbr which there exist epinaorphisms 
/3, y of U, W, respectively onto T. Then: 
481/30/rh3-6 
78 PHILLIP SCHULTZ 
(1) the pullback A of fi and y is a full subgroup of V, . 
(2) the groups U = ker p and W = ker y are pure subgroups of A m& 
that U= u n A and W = VT n A. Furthermore A/U G Wand A/W g 0. 
(3) Each element of Lq can be expressed as ru + SW, where ru, sw are -- 
uniquely determined elements of U, W respectively, P and s are rationah, and 
u E u, w E w. 
(4) ifp, 7 denote the isomorphisms of U/U, W/W onto T determined by 
/3, y, respectively, then a = f$-’ is an isomorphism satisfyig 
(ru + U)ol = sw + W ZjF and only if ru + sw E A. 
From now one, we shall write A = (U, IV, T, ,B, y) to mean that ,4 is the 
pullback of p and y described in Proposition 1. Furthermore, we denote by 
U(n, iv, U, W) the set of all pullbacks of the form (u, w, T, /3, y) such 
that ker /3 = U and ker y = TV. Since 0 and U determine T only up to 
isomorphism, there is no loss of generality in choosing some T E U/U, 
and some epimorphism /3: 0 -+ T. Then each element of U( U, W, U, W) is 
uniquely determined by some choice of y: W + T. The major problem of the 
theory of subdirect decompositions of groups is to find necessary and sufficient -- 
conditions on U, W, U, W, y and y’ such that if A = (U, W, T, /3, y> and 
A’ = (U, W, T, p, y’) then A c A’. 
The following Lemma is obvious: 
LEMMA 1. Let A = (U, i/, T, 8, y), and let n-: A --f 0 be the canonical 
homomorphism ru + SW ++ YU. Then there ase exact sequences: 
(1) Q+ A-+ U@ W (‘,-‘) t T-+0 
(2) O+ U@W-+A 7110 l T-+0 
-- 
COROLLARY. Let A E Zr<U, W, U, W>. Then 
(UOW)/A~A/(UO~V)~~/U. 
The groups U @ W, A, and u @ W are quasiequal [I] if and only if U/U is 
bounded. 
PROPOSITION 2. Let A E If{ U, W, U, W). For each prime p, let k, = 
sup{k 1 D/U has an element for order p”). Then. 
k, = s*lfg(M4(~) - We) = ~~g@w(u’)(P) - h&W)) 
= s&@a~w(aXp) - h&)(p)), ’ 
CEA 
with the usual conventions concerning the aritlnnetic of the symbo2 CO. 
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Pro@ I prove the first equality; the others are similar. Let u E U; if 
k&W) = ~0, then ~W(P) = co, so k&)(p) - k,(u)(p) = 0 < k, . If 
I?.&)(p) = n < 03 and k,(u)(p) = ccj, then for each positive integer k, 
p-n-% + U is an element of u/iv of order p7;, so 
k, = m = k,(u)(p) - h,(u)(p). 
The remaining possibility is /z~,(u)(P) = FZ < 1% = h&zc)(pj < a. Then 
p-“b -;- U is an element of D/iv of order pnip”, so 2~ - n < k, . Thus for 
all u E U, k&u)(p) - b(u)(p) < k, . 
Conversely, suppose U/U has an element ~1 + U of order p’:. Let z1 = 
ps(a/b)ti, where u E U, s is an integer, and a and b are relatively prime integers, 
each prime to p. Choose integers c and d such that bc + dpn = 1; then 
z, + U = ps(ac)zr + U, so in considering p-heights, we may as well assume 
that CIC = 1. Then p n+s~ is the smallest p-power multiple of p% in U, so 
h,(u)(p) = -(PZ + s), while h&)(p) > - s. Hence for all finite n < K, I 
there exists zk E U with h,(~)(p) - h,(u)(p) 3 n. Thus 
4. HOMOMORPMISMS OF SUBDIRECT SUMS 
Throughout this section, let f7 and IV be independent subgroups of V, ~ 
the sum of whose ranks is ?n, and let T be a torsion homomorphic image of 
both u and 17. As in Proposition 1 and the subsequent paragraph, let -- 
8, A’ E U( U, W, U, TV), say 
Krol [16] has determined Hom(A, A’) in case rk( Uj = 1 = rk(17). In this 
section, we consider the structure of Hom(d, A’) with no restriction except 
finiteness on the ranks of ci and IT. 
Since U @ W < A and A’ < i? @ W, each element of Hom(A, A’) 
determines an element of Hom( U @ IV, g 13 17) which is unique because 
it has a unique extension to a linear transformation of V,, . Denote elements 
of u @ m by ordered pairs (TU, SW), where r, s are rationals and 11 E U, 
zu E IV, and elements of Hom(A, 4’) by matrices of the form (L “,) acting on 
the right, where BE Hom( 77, a), X E Hom( U, W), cc E Hom(bV, 0) and 
v E Hom(W, IT). The following lemmas follow immediately from the 
definitions: 
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LEMMA 2. Let 13 E Hom( U, a), X E Hom( U, W), ,U E Hom(W, u) and 
v E Hom(W, IV). Then (“, ^ y) E Hom(A, A’) ij and on@ if 
whenever (IQ~ = (sw)~. 
COROLLARY. A diagonal matrix (i 1) E Hom(g, Cz’) if and onZy ;fr(z+ = 
s(wv) y’ whenever (ru)/3 = (sw)y. 
LEMMA 3. Let f = (L ^y> E Hom(A, a’). The folZozuing are equivalent: 
(1) X = 0; (2) Uf C U; (3) f 1 u = 0. Similar results hold for p in place 
of h. 
LEMMA 4. Let f = (E “,) E Hom(A, ,4’). If h = 0, then v can be exterzded to 
an element of 8( IV). If p = 0, then 0 can be extended to an element of b(u). 
Proof. Let X = 0, so by Lemma 3 there is an exact commutative diagram: 
O+U+A ----% w-+0 
where p, p’ are the canonical homomorphisms of A, a’, respectively, onto 
W. Then for any SW E IV, there exists (YU, SW) E d with (sw)g = (ru, SW) pg = 
(YU, sw)fp’ = (r(&) + s(w,u), S(WV)) p’ = S(.ZUV). Hence g is the extension of 
v to 8(W). Similarly, if p = 0,0 can be extended to an element of 8( a). 
DEFINITION. If H < G, let d(G; H) be the ring of endomorphisms of G 
mapping H into H, and Aut(G; H) the group of automorphisms of G mapping 
H onto H. 
We now generalize a result of Fuchs [8] concerning isomorphisms of A 
onto A’. Recall from Proposition 1 that 01 = p7-l and 01’ = &7-l are the 
isomorphisms a/U --f W/W which determine A and A’ respectively. 
LEMMA 5. Let f = (i 9) be a diagonal homomorphism of A into A’. Tlzen f 
can be extended to a unique element of c?( u @ ST; U @ W). 6’ and v induce 
endomorphisms 0 and F of u/U and WI W respectively, and 6~’ = G. 
Proof. By Lemma 4, f can be extended to an element of c?( i7 0 W) which 
is unique because it extends to a unique linear transformation of V, ; by 
Lemma3,UfCUandWfCW,so(U@W)fCU@W. 
Thus the mappings 8: (nl + U) H (ru 0 + U) and 
v:(sw+ W)~(SWVf W) 
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are well defined endomorphisms. Let YU + U E U/7/u, so for some SW E p, 
(w, SW) E 9. Then 
(YU + U) ccl,’ = (ru 6 + U) a’ = (SW lJ + W) = (SW + rn)S = (Iv.4 + U) CL;. 
PROPOSITION 3. The function (i z) F+ (6, v) is az isomorphism of the group 
G of diagonal homomorphisms of A into A’ onto the group H of elements of 
a( iC? @ ty; U @ IV) for which 801’ = LX;. 
The function maps isomorphisms to automorphisms. 
hoof. By Lemma 5, the function is an injection of G into H. Let (6, vj E H 
and let (vu, SW) F .4. Then 
Y(Uq3 = (m + U) Oa’j7 = (YU + U) Lq’ = (ml + w)vy = s(wv) y’, 
so by the Corollary to Lemma 2, (i z) E Hom(B, A’). Thus the function is 
surjective. 
If (i “y) is an isomorphism, its inverse is (i-’ y--1) which is mapped into 
(6-r, v-r), an inverse for (6, v). 
COROLLARY 1. (Fuchs [S]) If there exists (6, ?) E Aut(U/U) @ Aut(ET/W) 
such that (0, 6) can be lifted to an automorphism of u 8 Wand &c’ = oci;, then 
A e A’. 
DEFINITION. Hom(A, A’) is called diagonal if every element can be 
represented by a diagonal matrix. 
COROLL.4RY 2. Hom(A, A’) is diagonal if and only ;f every homomorphism 
has a unique extension in b(u @ FV; U @ W). 
LEMMA 6. A matrix f = (i i) E Hom(A, A’) if a& only if 6 has an 
extension in Hom( 0, U). Similar results hold for the other three coyners. 
Proof. Lemma 4 states that if f E Hom(A, 9’), then 6 has an extension in 
&‘( 0). Let TU E g, so some (YU, s.w) E 9. Then (ru, sm) f = ((ru) 6,O) E A’, 
so (YU) 6 E U. Hence 6 E Hom( 0, U); the converse follows from the Corollary 
to Lemma 2. The results for the other corners are proved simiIarly. 
LEMMA 7. If Hom(A, A’) is diagonal, then Hom(U, 15’) = 0 = 
Hom( W, U). 
Proof. Let f E Hom(o, W), and let h be the restriction off to U. Then 
by Lemma 6, (i t) E Hom(A, A’), so h = 0, and hence f = 0. Similarly, 
Hom(w, U) = 0. 
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LEMMA 8. If Hom( U, IV) = 0 and T is bounded, thee Hom( U, IV) = 0; 
similar Fesults hold foT Hom( IV, U), Hom( U, W) and Hom( VV, U). 
Proof. If nT = 0 and X E Hom( U, IV), then nX E Hom( U, VV) = 0; but 
Hom( U, IV) is torsion-free, so X = 0. 
COROLLARY. If Hom( U, ?V) = 0 = Hom(W, U) and T is bounded, then 
Hom(A, A’) is diagonal. 
Specializing the results above to the case A = A’, we have: 
-- 
PROPOSITION 4. Let A E 2I( U, FV, U, W). Of the following statements, 
(3) implies the eqkalent statements (2), (3) and (4), zuhich imply (5). 
(1) Hom( U, m) = 0 = Hom(W, U). 
(2) &(.A) is diagonal 
(3) U and TV are fully invariant in A. 
(4) d(A) is naturally embedded in a( u @ W; U @ TV). 
(5) Hom( r, U) = 0 = Hom( U, IV). 
If T is bounded, (1) is equivalent to: 
(6) Hom(U, W) = 0 = Hom(W, U), atzd (5) is equivalent to: 
~- 
(7) Hom( u, w) = 0 = Hom(W, U). 
Proof. Lemma 3 states that (1) implies (3). 
The equivalence of (2), (3) and (4) follow from Lemma 3 and Proposition 3. 
Lemma 7 states that (2) implies (5). 
Finally the equivalence of (1) and (6), and of (5) and (7) is a consequence 
of Lemma 8. 
Proposition 5 below is an isolated result on homomorphisms represented 
by triangular matrices. It is most usefully regarded as a sufficient condition 
for the existence of triangular isomorphisms, and is then a generalization of 
a theorem of J. Hausen [12]. 
PROPOSITION 5. Let f E Hom(A, A’) be diagonal. Let S be the set of lower 
triangular g E Hom(A, A’) for which g lo = f Iu and the induced endo- 
morphisms of m, g and f, are equal, Then S is in 1 - 1 correspondence z&h 
Hom( W, U). 
If f is an isomorphism, so is every g E S. 
If A = A’ andf is the identity map, then S is an abelian group of automor- 
phisms of A, and the corresponde?zce is a group isomorphism. 
Proof. Let f = (i I) and let g E S. By Lemmas 3 and 4, g = (i t) for 
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some p E Hom(W, u). S’ mce g - f~ Hom(A, A’), p has an extension in 
Hom(m, U) by Lemma 6. Conversely, if p E Hom(m, U) and g = (“, y), then 
g E S. The correspondence g i--t TV is thus 1 - I. 
If f is an isomorphism, then by Proposition 3, 0 E Aut(u; U) and 
v E Aut(W; IV). Let EL E Hom(W, U), and let < = ---~-~@-r. Then 
5 E Hom(W, U) and (i-’ t-,) is an inverse for f. 
Finally, if ,g = A’ and f is the identity map, then 5 = -p, and each 
g E S is an automorphism of A. If g = (: y) and k = (i “,) E S, then gk = 
(&, $, so the correspondence is an isomorphism of the multiplicative group 
S with the additive group Hom(IT, U). 
We now turn our attention to the more manageable case in which homo- 
morphisms are determined by rational multiplications, To simplify the 
notation, a rational multiplication is denoted by the same symbol as the 
rational which induces it. 
LEMMA 9. Let n be an integer. Then (0” i) E Hom(A, A’) $ and only if 
nT=O. 
Proof. By Lemma 6, (t i) E Hom(d, A’) if and only if n maps u into 0. 
LEMMA 10. Let A = (U, H7, T, j?, y) 
-- 
and A’ = ( U, W, T, 8, y’>. Let 
7, 7’ : W/W+ T be the isonzovphisms induced by y a?zd y’, respectively. The~z 
w’-i E Aut( r/W) can be lifted to some v E Aut( TV; IV) if and on+ if (i t) is aiz 
isomorphism of A onto A’. 
Proof. By Proposition 3, (i t) is an isomorphism of A onto d’ if and only if 
(l,G)~Aut(o@m; U@W) and 10l’ = crS. But this happens if and only 
if; =,j+j-lo 
~EiWUA 11. Let A = (0, IV, T, /3, y), afzd let eaerJj Q E Aut( g; U) be 
multiplication b-v a rational which is also iz Aut(kV, IV). Let Hom(U, W) = 
0 = Hom(W, u) and let G E Aut( w/W). Recall that 01: u/U+ W/l47 is the 
isomorphism &-I. Let 01’ 7 = aC, and let A’ = (U, Tit, T, p, y’) be the corrr- 
spoffding subdirect sum. 
TIEen V can be lifted to v E izut( W; H7) if and only if A E A’. 
Proof. If Y exists then by Lemma 10, (“, z) is the required isomorphism. 
Conversely, let f: 3 + A’ be an isomorphism. The hypotheses imply that 
f is diagonal, say f = (E 9) m lh ere 0 E Aut( U; U) and E E Aut(IT; liTr). Hence 
B = T E Q, and r-l is an automorphism of IT, so v-If = (', ++OIE) is an iso- 
morphism of --2 onto kl’. By Lemma 10, 1-; = p~‘-r can be lifted to v = 
r-y f Aut( tw; w). 
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COROLLARY. 
-- 
(Fuchs’ and Loonstra [lo]). Let A = (U, W, T, /3, y). If 
every automorphism of W/W can be lifted to Aut( W; IV), then every 
-- 
A’ E ll( u, w, u, W) 
is isomorphic to A by an isomorplaism fking U. 
Conversely, if all such subdirect sums are isomorphic, if every automorphism 
of U is multiplication by a rational which is an automorphism of W, and ajr 
Hom( U, W) = 0 = Hom( W, u), then every automorphism of W/W can be 
lifted to Aut(W; W). 
DEFINITIONS. Let f E Hom(A, 4’) be diagonal. f is called semiscalar if 
both main diagonal entries are rational, and scalar if these rationals are equal. 
Let Hom(B, A’) be diagonal. Horn@, a’) is called scalar or semiscalar if 
every element is scalar or semiscalar, respectively. 
For any torsion-free group G, b(G) [or Aut(G), b(G; H), Aut (G; H)] are 
trivial if every element is rational. Thus 6(A) is trivial if and only if it is scalar. 
LEMMA 12. Let A = (U, W, T, /3, y) and A’ = (U, W, T, /$ y’>. 
Hom(A, A’) contains a nonxero semiscalar element if and only if there exist 
integers a and b, not both zero, such tJaat ay = by’, and a nonxero scalar element 
if and only if A and A’ are quasiequal [l]. 
Proof. Suppose Hom(A, A’) contains a nonzero semiscalar f. Then a 
suitable multiple off can be expressed as (f E), where a and b are integers, not 
both zero. By Lemma 2, if (rzd)/3 = (sw)y, then a(sw)y = a(ru)p = b(sw) y’, 
so for all SW E IV, (SW) ay = (SW) by’, and hence ay = by’. Conversely, if 
ay = by’ for integers a and b, then (t z) is a semiscalar in Hom(A, A’). 
Now suppose thatf is scalar, so ay = ay’ for some integer a. Then multi- 
plication by a embeds A in A’, and, symmetrically, multiplication by a 
embeds A’ in A; conversely, if A f A’, then there exists an integer a such 
that aA C a’, so (i z) E Hom(A, A’). 
THEOREM 1. Let A = (If, W, T,fi, y) and A’ = (U, W, T,p, y’}. Let 
S == +’ be the induced automorphism of T, and suppose: 
(1) Hom( U, W) = 0 = Hom( W, U), 
(2) &‘(a; U) and &?(LY; W) are trivial, and 
(3) T is unbounded 
Then Hom(4, A’) # 0 zf and only zf S is a rational multiplication. 
Proof. (1) implies that Hom(A, 4’) is diagonal, and (2) implies it is 
semiscalar. Hence by Lemma 12, Hom(A, A’) # 0 if and only if there exist 
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integers a and b, not both zero, such that uy = /$. But this happens if and 
only if uj? = by’, or a = bS. Since T is unbounded, ay is not the zero map, 
so b # 0. Hence S = a/b if and only if Hom(A, a’) # 0. 
COROLLARY. If T has an automorphism 6 which is not a rational multi= 
plication, then the subdirect sums determined by isomorphisms 7 and 
j7 = jA: W/W-+ T 
are not isomorphic. 
We shall now specialize to the case A = A’. 
LEMMA 13. If &(A) is semiscalar, it is scalar if and only if T is unbounded. 
Proof. If 6(A) is scalar, T is unbounded by Lemma 9. Conversely, if T is 
unbounded and 8(/l) is semiscalar, let f = (i t) be any nonzero element. 
A suitable multiple off can be expressed as (z z), where a and b are integers. 
Now add -6 times the identity map to get (“i” “0) E b(A). By Lemma 9, 
(a - b)T = 0, so a = b and hence t = v. 
THEOREM 2. Let A E U( U, W, U, W>, and consider the following state- 
ments: 
(1) cF( t/‘; U) and 8( W; W) are trivial 
(2) U and W are fully invariant in A 
(3) b(A) is semiscalar 
(4) &(A) is scalar 
(5j T is unbounded. 
The logical connectives N, * and A have their customary meaning. 
Then: (A) (1) A (2) A (5) 3 (4) * (5) 
(B) (3) * - (5) - (1) * (2) =a (3) * (2) 
(C> (1) 4 (2) * - (5) * (3) * - (4). 
Proof. (A) By Proposition 4 and Lemma 13, (1) A (2) A (5) =z= (4) 
By Lemma 9, (4) * (5). 
(B) By Proposition 4, (1) A (2) * (3) and (3) 3 (2). By the same 
Proposition, (3) implies that b(A) . is embedded in S(u @ W, U @ W), so, 
(3) A N (5) imply that it is embedded as a subgroup of finite index n. Let 
6 E a(U; U). Then n6 E Hom( u, U), so ($ i) E b(A). By (3), n6’ is rational, 
so 0 is rational, and 8( t/‘; U) is trivial. Similarly it can be shown that 8( W; WJ 
is trivial, so (3) A N (5) 3 (1) h (2). 
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(C) (1) A (2) 3 (3) has been proved in (B). (3) A N (5) + N (4) is 
part of Lemma 13. 
5. RECUBIVE SYNTHESIS OF TORSION-FREE EXTENSIONS 
Our objective in this section is to use the construction of subdirect sums 
described above to manufacture groups with predetermined properties, 
particularly pathological properties of their endomorphism rings. Beaumont 
and Pierce [l] used essentially the same method to classify rank 2 groups as 
subdirect sums of rank 1 groups, and to describe their quasiendomorphism 
algebras. In principle, this procedure could be followed to classify all rank n 
groups as subdirect sums of known groups of smaller rank; the computational 
complexities however, even in the case n = 3, make the method unattractive. 
Instead, we concentrate on a few remarkable properties which have been 
discussed in the literature [3, 7, 18, 19, 21, 251, and construct families of 
groups having these properties. 
Henceforth, we restrict our attention to the case in which m has rank 1 
and T is a subgroup of Q/Z. Clearly every A E LT can be constructed in many -- 
ways as some (U, W, T, /3, y). 
By Proposition 2, T, = C(pPd), where K, = R&w)(p) - h,,(w)(p) = 
h/w(Z~ + U>(P) - hA(W>(P> f or all 0 f zu E IV. Since each T, is fully 
invariant in T, g’(T) = @&, a( T,), and Aut( T) = @,*,, Aut( T,). It is well 
known that if k, is finite, &C(@+)) is th e ring of multiplications in the ring 
C(p”p), while b(C(p”)) is th e ring of multiplications by p-adic integers. The 
following lemma follows immediately. 
LEMMA 14. Let T be a rank 1 torsion group. The-following sly eqzlivalent: 
(1) T is abounded. 
(2) T has c = 2”~ nonrational autonao~phisrns. 
(3) T hm a nonrational auto~t~orphism. 
Let A E U, and let ,& ,!l + T be a homomorphism of A onto a rank 1 
torsion group T. Ker /3 contains a full free subgroup F of A, so T is a homo- 
morphic image of A/F. Richman [21] has characterized such groups as follows: 
A/F is a torsion group of rank ,( rk(A), and for any full free subgroup Fl of d, 
A/I;; differs from A/F only by a finite direct summand. In other words, for 
any full free subgroup Fl of A, and for all but finitely many primes p, T, is a 
homomorphic image of A/F1 ; for the exceptional primes q, (A/F,), is finite 
and T, is cyclic. 
Furthermore, Richman showed that certain subclasses of U, originally 
defined perhaps in other ways, may be characterized in terms of A/F; for 
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example! Beaumont and Pierce’s quotient divisible groups [2] and Butler’s 
locally free groups [3] can be so characterized. Recently, Murley [lx, 191 has 
added Warfield’s locally completely decomposable groups [25], (introduced 
under the name “locally fully decomposabIe” in [3]), and Los’ groups with 
hereditary generating systems [7j to this list. 
DEFINITION. A family (A,} of c = 2Q nonzero groups in U is called a 
rigid c-fa~rzz$ if for all i # j, Hom(Ad , Aj) = 0 and C”(A,) is trivial. Such 
families have proved useful in constructing indecomposable groups, [9] 
and 1141. 
Let .Y be a subclass of 31; A is called a g-grou$ if A E 9. For suitably 
chosen B we may construct rigid c-families of 8-groups of rank m by the 
following scheme: find a subclass 9’ of 9 which is “suitable for induction”, 
consists of groups with trivial endomorphism ring, and contains a rigid 
c-family of rank 1 groups. Suppose such a class 3 has been found; take 
u E Y, an epimorphism F: &+ T, where T is an unbounded rank 1 torsion 
group, and a rank 1 group 77 with an epimorphism y: I$‘-+ T. Suppose 
U -= ker ,Ei, IV = ker y, and Hom( U, IF) = 0 = Hom(W, c’). Then by 
- -7 Theorems 1 and 2, and Lemma 14, U( U, iJ, U, Sri> contains a rigid c-family 
of groups of rank YR( a) + 1. The induction will be complete if it can be -- 
shown that A( U, W, U, W> C 9’. 
It may be noted that any Y’-group A constructed in this way automatically 
has the additional property: 
(*)=2 has as a homomorphic image a Y-group of every smaller rank. 
Thus there is no loss of generality in insisting that the definition of B 
includes property (*). 
THEOREM 3. FOP eaclz of the following classes gpi, and for each positive 
integer m, there exists a rigid c-family of Pi-groups of rank m. 
9, : quotient-divisible groups. 
8, : locally completely decomposable groups. 
pa : locally free groups. 
gd : Murley a-groups. 
g’5 : Murley F-groups. 
pp6 : Pure subgroups of 2. 
Proof. 
(1) A E 21 is quotient-diuisibk [2] if d has a full free subgroup F? such 
that AIF is divisible. 
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Let PI’ = (A E PI 1 b(A) * t . ’ 1 IS rrvra , and there exists an infinite set R(A) of 
primesp for which pil = 8, and an infinite set S(A) of primes q for which 4 
has no nonzero element of infinite q-height). 
Clearly there is a rigid c-family of rank 1 PI’-groups. Let D~gr’, let 
p, P E I?( 0) and q E S(u), and let v be the rank 1 ring whose type is infinite at 
a prime s if and only ifs E R(u) u {q}\(r). Let T = C(pm); since any W for 
which WI W g T has infinite q type, Hom( W, a) = 0. Since any U for which 
n/Us T satisfies Y U = U, Hom( U, r) = 0. By the scheme outlined 
above, it remains to prove that U( U, W, 77, W) C PI’. -- 
Let A E LT(U, IV, U, Wj, and let G be a full free subgroup of U, so G 
is also a full free subgroup of u. Let D/G = D @ E, where D is divisible 
and E finite. From the exact sequence: 
it follows that (U/G), = ( o/G)t for all primes t # p, while (CT/G), is a 
direct sum of a (possibly zero) divisible group and a finite group, so U 
itself is quotient divisible. Similarly, W is quotient divisible, so there exists a 
full free subgroup F of U @ W such that (U @ W)/F is divisible. Hence the 
exact sequence 
O+ (U @j W)/F+ A/F-+ T--O 
splits, so A is quotient divisible. 
Finally, we may take R(A) = R( o)\{p, r), and, by Proposition 2, S(A) = 
wwG7$ 
(2) DEFINITIONS. For a prime p, denote by B, the rank 1 ring of 
rational p-adic integers. 
A E U is locally completely decomposable [3, 19, 251, if for all primes p, 
A @ B, is completely decomposable. Since a rank 1 torsionfree B,-module is 
either free or divisible, A is locally completely dedomposable if and only if 
A @ B, is a direct sum of finitely many groups isomorphic to Q or B, . 
For any A E L[, the group of elements of A of infinite p-height is 
denoted D,(z4). 
For any group G, the maximum divisible direct summand of the p-com- 
ponent of G is denoted d,(G). 
Murley [18] has shown that A E U is locally completely decomposable if 
and only if for any full free subgroup F of A, and for all primes p, 
Let 8,’ = (A E Ya 1 6(A) is trivial, and there exists an infinite set S(A) 
of primes p such that, for all 0 + a E A, h(a)(p) = 1 for all but finitely many 
p E S(A)). Clearly there is a rigid c-family of rank 1 8,‘-groups. 
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For any -4 E -pa’ and any full free subgroup F of 8, (A,/F), is a nonzero 
reduced p-group for all but finitely many p E S(A). Let u E pa’, let G be a 
full free subgroup of o?, and let C C S( 0) be an infinite set of primes p for 
which (U/G), is nonzero and reduced. Partition C into three infinite disjoint 
subsets C, , C, , and Ca ; let T, = C(p) if p E C, , T, = 0 otherwise. Let 
h(p) = 1 if p E C, , /z(p) = 2 if p E C, , h(p) = 0 otherwise. Finally, let 
W be a rank 1 group containing an element zu of height 1~. Then if ‘in’ E W 
and W/W z T, h&w)(p) = 2 if p E C, , and 0 otherwise. Let a E 0; since 
Ro(a)(p) = 1 for all but finitely many p E C, , Hom(W, X) = 0. Let b E Z/; 
by Proposition 2, h,(b)(p) = 1 for all but finitely many p E C, , so 
Hom( U, w) = 0. Once more, it remains only to show that 
-- U(U, w, u, W) CL?,‘. 
-- 
Let 4 E U(U, W, U, W). By Proposition 2, II,(A) = D,(g @ W) for 
allp$C,.Sincef4<D@W,D,(A)<D,(B@~W)=Oforallp~C,. 
Denote by [zu] the cyclic subgroup of A generated by w, and let F = G @ [zu]; 
from the exact sequence: 
~rZ(d&4/F)) == rk(d,((D @ w)/F)) f or all primes p. Hence for all primes 
p, &(l),(J)) = &(&A/F)), so A E pa. Take S(A) = CZ ; then for all 
a = TU + SW E A, h,(a)(p) = Iz~~&a)(p) = 1 for all but finitely many 
p E S(A), so A E P2’. 
(3) A E U: is called locally free [3, 191 if -4 @J B, is a free B,-module for 
all primes p. A is locally free if and only if A is locally completely decom- 
posable and rk(D,(,4)) = 0 for all p E P. 
Let 8, = {A E Ya’ j for all full free subgroups F, (A/F) is reduced). 
The construction of 9, described above does not alter the set of primes p 
for which (A/F), is reduced, so 8,’ is a subclass of 8,’ closed under the 
recursive construction. 
(4) Murley [19] calls A E LT a g-group if -4 has a full free subgroup F 
such that A/F = D @ R, where D is divisible, and for all primes p, R, is a 
direct sum of isomorphic cyclic groups. 
The importance of g-groups lies in the fact that they form a subclass of ?I 
for which there exists a complete set of quasiisomorphism invariants, [19]. 
Let -9,’ = 1-4 E gG j &(A) is trivial; there exists an infinite set R(A) of 
primes + such that r/4 = A; and there exists an infinite set S(A) of primes 9 
such that, for some full free subgroup F, (A/F), is nonzero reduced for ail 
4 E S(l4)). 
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Let iJ E p4’, and let G be a full free subgroup of u such that (u/G), is a 
direct sum @ C(g.+) of isomorphic cyclic groups for all 4 E S(Q). Let 
p, r E R( 8) and 4 E S( ??), and let h be a height such that h(r) = 0, h(s) = n, 
ifs E S(u)\(q), and h(t) = co otherwise. Let W be a rank 1 torsion-free group 
containing an element zu of height h, and let T = C(p”“). If w E IV and 
lT/ W g T, then h,(w)(q) = cc), so Hom(W, u) = 0. For any choice of 
U such that u/U g T, rU = U, so Hom( U, W) = 0. It remains only to -- 
show that tr<U, W, U, W> C Ye’. -- 
Let 4 E ll<U, TV, U, W}, and IetF = G @ [w]. From the exact sequence: 
0-tA/(FnA)+(~@ W)/F+T+O, 
it follows that (Jl/(.?J n A)), = ((B @ lT)/F)t for all primes t + p, so ,4 E 9.i . 
If we take R(4) = R(o)\{p, r>, it is true that t.A = 4 for all t E R(A) by 
Proposition 2, and F n A is a full free subgroup of 9 for which (-4&F n A)), 
is nonzero reduced for all t in the infinite set S(4) = S(u)\{q>. Hence ,4 E Yd’. 
(5) An b-group [19] is a B-group in which rk(R,) < 1 for all primes 
p in the definition of (4) above. b-groups are particularly interesting because 
they have a complete set of isomorphism invariants. Murley [19] has shown 
that they are precisely the torsion-free groups with hereditary generating 
systems of Los [7, p. 3321. 
Let pi = {A E gd’ [ rk(14/F)a < 1 for all 4 E S(A)). The class Ys’ is 
closed under the recursive construction of Ya’. 
(6) 2 is the n-adic completion of the integers, and is well known to be 
isomorphic as a discrete group to O,“,, 1, , where ID is the group of p-adic 
integers. Now Murley [18] has shown that the finite rank pure subgroups 
of 2 are precisely the reduced b-groups. Since no rigid family can contain a 
nonreduced group, the family constructed in (5) is also in gpis .
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